Appendix B

Vector Analysis Relations

119



120 APPENDIX B. VECTOR ANALYSIS RELATIONS
B.1 Vector analysis. Important relations and proofs

B.1.1 Basic relations

B.1.1.1 Divergence of the gradient of a scalar field

div {gr?ld a(F)} = Z 2 % (Z €; %a(f’))

i=1 i

= &a(f') (B.1)

3
where A = > aa—; is the Laplacian operator.
i=1

B.1.1.2 Divergence of the product of a scalar and a vector field

e [a) i) = Yo a5 [am > ez-bm]

= a(F) div b(F) + b(F) - grad a(F) (B.2)

B.1.2 Relations involving vector products

When more complicated mathematical expressions have to be handled, it is a pow-
erful technique to express the vector product by using the Levi-Civita symbol, ¢,
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defined as

+1 if 4,5,k even permutation
gijek = —1 if 4,5,k odd permutation » Vi, j, k€ {1,2,3} (B.3)
0 in all other cases.

A basic application of Eq. (B.3) is in the definition of the vector product:
3
axb= Z Eijk aibjé’k (B4)
i,j,kil
Similarly, the curl of a vector field can be expressed in a very compact form as
- = R = R a N\ —
rotG(Z) = Va x G(T) = > eijp o Gi(D) & (B.5)

Suppose we are confronted with an expression, actually occurring frequently in elec-
trodynamics, like div {6 X g}, where @ = @(7) and b = b(7) are vector fields. With

the help of Eq. (B.3) we can write the divergence of the vector product mentioned
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above in a very convenient, index-based fashion

3 3
. — = T — a — —\ —
div [a(fr’) X b(f)} = E € - B E E E gk an(T) bi(T) €
i=1 L lj=1 k=1 1=1
3
Z - (a@kb abl) -
= €i * Ejkl [ T Qg €;
x.
ingikl=1 o o
3
— Eikl | T Q5 —
‘ ij €5 pr o,
1,5,k,l=1
3 3
8ak 8bl
= E Einl =—br + Z Ejkl Ok
ZU] . a Jj
g.k,1=1 7,k 1=1
3 3
= Eklj j E | Ekjl
ox
g.k,1=1 7,k 1=1
3 3
L da; L ob;
= E €i - € Eklj 5 b; + Z € - € Ekﬂa’a
i,k =1 Mo igki=1
L da; L ob
= E b; €; Eklj B €j+z a; €; Z Ekjl P €;
i gk, l=1 i 7.k, 0=1

div {ng} — b-rotd —a-rotb (B.6)
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The curl of the gradient of an arbitrary scalar field vanishes:

rot (gr_a:d f(f:))

rot (grad f(f))

Divergence of the curl of an arbitrary vector field:

div (r&cé(f'))

123
3 3
0 L 0 . L
= 2. Eijk 5 (Z i (flf)) - € €k
ij,k=1 L\ = !
3
0 0
= Z Eijk f(Z)d €k
i,k l=1 0z; 0
i € 09 (%) é)
= ijk a k
1,7,k=1 0 iax]
B o 0 (@
- le 81’2 8$2 8.1’1
o 0 f(@)e
8%2 8373 (9953 8x2
0 0 (@
5563 8561 8563 8331
=0 (B.7)
L0 0
= Z axié}' Z Ejhl —Gk(f')ez
i=1 J,k,l=1
0 (9 S
= Z 5l53k:l Gk( )
Z]kl 1
- Z 5]’“ a a ( )
,Jk 1
= Z Ewk Gr(T)
i,J,k=1
=0 (B.8)

The last step is evident as for every term k in the sum there is a pair of terms with
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1 # 7 with opposite signs.

Double curl of an arbitrary vector field:

rot (r(;t é(f))

’ 0 ’ o . .\ ..
Z 5@']’/{% Z Elmn %Gm(x)en : ej €k

ij,k=1 " \lmn=1

3
a a —\ —
§ 5ijk Elmn 5jn Gm (x)ek‘
Ox; Ox
i,k d;mon=1 .
3

o 0 e
Z Ejki Ejlm %T@Gm(a})ek
1,7,k,l,m=1 t
3
o 0
Z (5k’15im - 5km5il) %a—lem(ﬂf)ek

i,k,l,m=1

Here the following theorem has been used:

3
Z € ki €jim = OkiOim — OkmOil (B.10)

j=1

which can be verified in an elementary fashion by running over all possible values of
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{i,k,1,m} € {1,2,3}.

Curl of the product of a scalar and a vector field:

rot (u(f) é(f)) = Z Sijk 5 (Z u(®) Gy( f)ﬂ) €; €k

i,7,k=1 =1

3
— Z Eijk Oj1 (u(f) 86;;3(2) agi,)Gl( )> o

Z’?j7kl’l:1

k (7)) oud
=Y (u@) ac;;(i >+38;)Gj<f>) G

ij.k=1

- § 52]k k

1,5,k=1

Sou(@)\ Lo,
™ Z Eijk (Z o ) € G;(T) €,

1,5,k=1 =1

= u(@) rotG(7) + (grad u(f)) x G(Z) (B.11)



