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SU(2) Yang—Mills theory with Lorenz gauge fixing

Semiclassical Lagrangian density

1 1
ZEF;}Z,F/‘}V + %
D, .c =0,c —ig[A,, cl,
Fu =0,A, —0,A, —iglA,, A,

Lyt (0uA%)? = 0ue*(Dyc)®,

§ > 0 is the Feynman parameter. F,,, c, ¢, A, are elements of the
algebra, e.g. Ay, = t*A%, ()™ = —i€qpe, [ta, ty] = i€apete-

The action [ LIt is invariant under the transformation

1 1
0BRSA, =eD,e,  6PFSc = 5z'g{c, ¢}, oBFSe=_¢ EaA,

where ¢ is a Grassmann parameter, and {c, c}¢ = ieqpac®c?



Regulators

A, Ag are IR and UV cutoffs, 0 < A < Ag.

O =5 0+ (€~ D) 000, (7).
p p
M) = ony (), aan () = T — e
Recover the usual covariances in the limit A — 0, Ag — oo.
Def: a Gaussian measure dji(A, ¢, ) with the characteristic function:

e%<ﬁ’SAA01]>7%<j,CAAOj> — /dﬂAAO(@)eé<¢’K>,

where ® = (A, ¢, ¢) and K = (j,7,7n).



The counterterms

All counterterms respecting the global symmetries and having ghost
number zero
[’é\tOAO _ T(':(;Ecébcbéaca + Ti?(tAAEbeAzAZ + ,,,S(:AAéachzAz
i AL AL AT AL 4 AL AL ACAS 2t (8,A%) AL AC
— Tf‘_"“eabd(ﬁﬂé‘l)Ai’Lcd — T?E‘:eabdéa/lzaucd + 2P
1 a4 1 a4 2
- 557 AS(D6 0 — 0,0,) AL + EEL (0,A%)

+ 5m?4AAZAZ + 5m§céaca.
There are eleven marginal counterterms which depend on Ag, ém2. = 0.

Expansion in powers h:
£ct = Z hlﬁct;l

>0



The BRST symmetry

To obtain the antighost equation (AGE) we need an auxiliary field. Full
tree level Lagrangian density in the limit A — 0, Ag — oo is

1 §

Eléot — ZF,LLVF,LLV + §B2 _ ZBG#A# — 8;LED#C .

The action fﬁf{’t is invariant under the infinitesimal transformation

1
§BRS A = ¢ De, oBRSc = ¢ iig{c, c},
§BRSE = ¢iB, §BRSB =0,
Defining the classical operator s

OBRSP —es®, — $2=0.

BRST invariance is explicitly broken by the regulators.



Generating functionals

1
dHAAo (A’ B7 s ) = dVAAo (A)dUAAO (B - ZgaA) ..
ZMo(K) = / dppny (D) e~ 110" ¢n (K

2
g
[,AOAO = geabcaqua;AZAzc/ + chabecdsAZAgAzAi
— geapedyc Al e + LMo

The tree level interaction does not depend on the B field.
Generator of Connected Schwinger functions:

Whho — plog ZMM0

Generator of Connected Amputated Schwinger functions:

LAAO(CI)) — —hlog/d,UuAAO(q)/) e-%LAOAO(CDI_‘_q))



The effective action
The effective action is the Legendre transform of W
o) = (K, @) — WA (K).
Reduced effective action:
rita(@) = M () - (@, Gy @)

Expansion in powers h:

oo
AAo;
r — Z hl rl’ rl:007¢¢ — 0
=0

n—1 . n—1
Here 6( Z%pz')r(ﬁ;w(ﬁ) = aw< H M%(m))r
1=

o w = (0,wy, ...
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Main idea

The characteristic function is the Fourier transform of the measure:
— N / (dg] e 5 (9CaA i3 69
= /dﬂ(qﬁ)ei)}t(j@ — o~ 3R %iCangd)

It is used to obtain all moments:

N-1, s

E 1)) = || - '

(¢($0)a 7¢($N 1)) J Z(S](.’L’l)X(] =0
=0
Important differential equation:
d 1 1
N (5 — o35 (7C0AN )
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RG equation

Wilson; Wegner; Polchinski...

A P ) 1,0L . 6L - AAg

Wetterich; Morris; Bonini, D'Attanasio, Marchesini...

r _ h<C,L”> L/l — F”(l + icr/l)—l
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Trivial dependence on the B field (linear gauge)

Vanishing renormalization conditions for all relevant terms,
0Ao;Bg
g P (q) =0,

imply that VA > 0 B
rMoBem — 0.

Thus there are no counterterms with the field B.
Dependence on the B-fields known explicitly:

1 ~
P (A, B,e0) = 5 / Ao (6B — i0A)? +TM0(A, ,c).

where T s defined using the measure dji(A, ¢, ).



Violated Slavnov—Taylor Identities (VSTI)

Introduce the Lagrangian density
Lo = choho o 4 y0ho,

vst

where 7, w are external sources, Ré\o =1+ 0(h),
Ppho = R‘f“ac — igRé\” [A,c], Qho = %gRé\“{c, ch.
We consider the change of variables ® — & + §.®
0cA = eJQAOwAO, 0cC = —€ UOAOQAO, 0eC = €000yt B,

which leaves invariant the functional integral: 6.Z% =0, with

178000

ZOAO(K) :/d/LOAO((p) e_ﬁLvst e%(K7q>>.



Performing the Legendre transform the identity 5. 2% = 0 gives

1

1
rho + / d'z (iB + EaA)r%‘“ = 5ST%,

where we have introduced an auxiliary functional T0%0

% — (B, @) + ", oM = podo 4 f<A ,00 A)
and 8 = S; + 84 — S., with
(SEOAO 5 5E0AO 5

qu = <W’UOAUF¢1> + <T&’UOA0%>’

(¢7 Qbi) € {(A77)7 (67"‘))7 (67@)}7 % = 575 —0—.



A variation on nilpotency
We rewrite the VSTI in the following form

. 1 )
(B,10") = 8L = (iB, UOAOyLOA%
- 1 ~~
F?Ao — *S]:OAO7
2
where
S=84-S. FOho = QMo 4 g<aA [y

Important properties of Sy: Vo, ¢' € {A, ¢, ¢}
(S4Sy + Sy Sp)L0 = 0.

0Ap

It follows that S2T" ° =0, SS; = —S:S5 and consequently

- - 5 B}
SFl = 07 Sr3 —|-O'0AO <(SC 8(57) F1 =0.



Explicit form of the VSTI

6fOAO 0A
~0A L ~0Ao
M50 =00, <? — oL, ) (AGE)
~0Ag ~0Ag
~ or ~0A, ol ~0A,
A = L
F(l) ’ :< SA 700A0£’y O> - ( Sc ;00A0 L 0> (STI)

The goal is to show that [ = 0, F{°° = 0 which imply (> = 0.
Another form of the VSTI

. T 040 . ST 0o .
r(l]AO :< 6A y O0Ao FS/AO> - < (5C y O0Ap F2A0>
1 ST0%o
— E(@A, O'OAO T> .

The vertex functions on the rhs give renormalization conditions for the
anomalies on the |hs.



Renormalization conditions

No tilde on (4, ¢, ¢)

| 4

>

OWF%AO@(O) =0, for all strictly relevant terms, s € {y,w}.

rMAo;cEcE(O) =0, rMAo;cEA2 (0) =0, 8Ar]\4Ao;cEA(0) — 0. We show

= ZA2 a2 A2 & .
that the counterterms r¢ccc, §eA” peeA” pdce yanish,

. . 3 =
The renormalization constants r4" | Z‘%A , 2¢¢ are free.

The remaining 7 renormalization constants must satisfy 7 additional

relations in order to make the marginal terms ¥, Fg;w at the
renormalization point comply with the bounds 3 and 4 below.

We prove the existence of a solution for this system of relations that
does not depend on the UV cutoff.



Trees Tz and T3

» Vertices of valence one and three, V = V7 U V3.

> An edge e carries momentum p.. Momentum conservation at the
vertices.

» To any edge are associated p(e) € {0, 1,2} and the number of
momentum derivatives o(e).

» An edge has a f-weight, 0(e) = p(e) + o(e).
X : Vo — E\El

ple) =2—x""(e)l

V71 € 72)0,..45,171, n = 4: 9(7’) =n-+ HwH —4, 9(7_) _ _[I_d‘)‘;w]



Main elements of the bounds

For a tree 7 we sum over the family of f-weights ©¥ = {0;(e)};.

2o =1l 5
eeE A+‘pe
ZH o(0), Vi[> 3,

Asw _
Q"D = Viwr 3 1), Vil =3.

i€l 97— w (3)

w'(i) is obtained from w by diminishing w; by one unit.
For nonvanishing w I = {i : w; > 0}.

n(P) = min \sz!M

Tepn—1\{0}



Bounds on vertex functions
Letd=4—2n, — N — ||lv|.
la)d>0orN+n, =2

PR ()] < (A + [F) P (),

1.b) d <0
!FAAW’ @< Y QM) PM/),
767}{(5
, M) %
pAA _ pO0) (] max(|p], (1) =)
T (ﬁ) PT (Og+ A"’T](@ >+Pfr (10g+ M>

‘P denotes polynomials with nonnegative coefficients and degree

L2 dzo0
T 120-1 d<O



UV convergence
Letd =4 —2n,, — N — |Jw].

2a)d>0o0rN+n, =2

A+ M+ |p]

Ado;
Oa T )] <
0

(A + ) P (),
2.b) d <0

A+M+ D w
on, P33 ()| < AEALEIRL S g ) o).
7'67:4)

Cauchy criterion
Ab
7¢5 AA ,H, AN 7ﬂ7
|rﬁlo r;{;l0¢w| </d)\0|8)\or;g;lo¢w’-

Ao



Restoration of AGE

Let d =3 —2n,, — N — ||w]|.
3a)d>0orN+n, =1

Ao M+ p| + A
i @) < TEEER 0 R ),
3.b) d<0
AAo:d:w M + b + A Jw
R L]
TET,

B#

P = (1+ (Y Y (L) iy,



Restoration of STI

Let d=5—2n,, — N — ||w]|.
4a)d>0orN+n, =2

AA ._’.w M+ D +A
i) < EEER A ) P ).

4.b) d <0

AA;_); M+‘]31+A
risd) < MEPER S2 ohn) pA ).
0 767’1%¢

r1, $1 are linear functions of loop number [.



Overview of the proof

(o)
We proceed by induction in the loop order I: T = 3" AlT;.
1=0

The irrelevant terms are constructed by integrating the FE from Ay down
to A:

A
r;\/\o;qb;w — r;\ol\o;cﬁ;w + /d)\ rlAAo;qb;w’ r;\vo;@w -0
Ao

m
5 Y rad b
r Z <C§1Cmr<1 o H CCjCjAF (e J>
$1a'~~7$m ‘]:2

| St

Here Fgo = 0.



For the relevant terms we integrate the FE from A = 0 up to arbitrary A
at the renormalization point ¢

A

Aho;; Ao;; “AAo;b;

r 0@@(@ — r? O’¢’w(cf)—|—/d)\ I 0,¢>,w(q—»)
0

We interpolate this to arbitrary momenta p integrating over the
corresponding irrelevant terms;

I
rZ\Ao;@w(ﬁ) _ rlAAO;(ﬁ;w((f)—i-/ 8r;\/\o;¢;w
q



Renormalization conditions on 4

cAAA AAAATC AAATAc AAcAA
reAdA ~ pAAdATe L S pAdATde 4 AT
Z3
~ stands for equality up to terms Ag logr1 Ay

cAAA R{XAAA RéﬁlAAA

5 equations u; and 2 variables

uigAA — 8R RAAAA _ 4gR RAAA + CAO
ugﬁgA = 4R, RAAAA + QQR RAAA + 4345

Using AGE '3 ~ 0

S«r ~ 0 cAAA cAAA
_ 1 e 2
rﬁ _ arlw ~ 0 cAAA ZAAA ~ ugAAA



Maximal Abelian Gauge (MAG)

Extremum of (A')% + (A2)? over the gauge transformations.

A% +Al
-

Gauge transformation has the following form:

A* A= A°

§A=0a—ig(Ata” — A at), DIAS =0,Af FigA AL
§A* = D*o* +igaA*

extremum AT A~ under o = D Al =0
We fix U(1) symmetry by 0A = 0. The t'"Hooft gauge fixing Lagrangian
density is
1 1
£ = —(0A)* + ¢

= 5% (DAY (D, Ay)



With the B field we have L& = £ + £ where

L£5F = 232 +¢BTBT —iB“9,A%, ac(+,—,3)
£§7 = gBY A Ay — gB™ A AY, B =B’

LYM L [ FP 4 [GF s BRST invariant, i.e. 6® = 0 s®

sA=0c—ig(ATcy — A cy),

sc =igcyc_, s8¢, = iB*
sAT = DF ey +igeA™,

scy = *igeer, sB*=0

p2

Regularization: oy (p?) = e_(ﬁ) ; BRST insertions:

)= Rfoﬁc + igRé\O (Ate_ — A cy), Q =igR3c_cy

+ = RAoaci F ’igRAOACj: + igRAocAi, Ot = +igR7cic
4 5 6



VSTI

o) e
oF
Ai%( 5w T0doT ) = (5o oono L)
1 F F
— —(0Aoop,— 0 ) +i(B 00A06f> + hAAA0> =0 (STI)
19 oc 0Ct

At — %@C(;Al(]cb) + Ao,
AMO = () (14 T"C) 4Ly —=20) — (0001 + MC)aac,)
<0’A(1 + F”C)

52r ~ 2 A 5 a b
n__— = = PP
r SPHP!’ €=1C 1 {—5cacb —0z,,



Mass term of the condensate

P = (AF (P00 — D) EMOAT) (AT A7)

Consider the vertex function Ffﬁc’. Using VSTI we have

Afec_
AFA- e Afc_ ‘ 2 OATS (p)‘
s s = - =
F 8pa1“ﬂy+ + 0p, A (p) 0 08a0M Ry + 1 e 0 0
Substituting the tree level for I we obtain
A%n? 1 1 9
om? = g* N1+ =) ((B¢+4)(1— —)— —+
mt = g1+ 1) (@6 41— ) - 2
There are two interesting limits:
A2n? 1.1+8(2—2n)
0 om?=—-¢g*———T(14+)——— =7
£_> m g 2(27T)4 ( + n) 21+%
A?m? 9
n — 0o sm?=—g2 > " 2

2(2m)4 2



Spin—Charge decomposition
Let n — oo, &€ = 1, {e1, e2} - an orthonormal basis in the plane A%, Ai
A =1hre, + o8,  e=e1+ies, €alt = ab,
A =bie v =l P, 1= Wi e (1))

Degrees of freedom 2-4 = (34 2)+2-2 —dimU;(1), u € Uy, e — ue
Terms describing the condensate p:

AT A~ = p?, (A;A;)Q —ATAYAC A, = (p?t3)?

The ground state corresponds to t3 = 1 at large spatial distances.

2
phee = /d4ﬂf (9p)* = *uAe” + Tt + e p=n



1
Lepp = (0p)" = pip® + o'+
1 A R 2
Z |: (8 n x o n) (8M(n301,) - 81,(n30u))]
P DC P D)2 9q)2 rFP o r.
Z( ) E(P)ﬂL(Q) + + Lint
1 _ _ 1
H, = 5(6u€y — €,€y), pi = Ho;, q; = ieiijjk
€ = emép,q, ny = 62inti, ns = t3
= i80,¢, (D) = §%99,, + 265C,
P, q, ng, p are invariant under Uy (1), Uc(1).

2
1
Lolsm = %(&1)2 + Z(n(aﬂn x d,n))?  nonlinear o-model



Dirac Hamiltonian with a Coulomb potential
The eigenvalue problem in the spherical coordinates system Hpy = Ap)

¢+t =(-1+)F
€T €T

Frir=(+1+2)G
x x

r

A 1/ F,
z = E? Y= ZO[, T =rm, K€ Z\{O}7 90)\(7,) - <ZGT>

Theorem

Let F,G € Loo. Then 3¢ > 0 s.t. Vz : ¢°2% < 22 — 1 the corresponding
Taylor expansions wrt the parameter v < q are uniformly convergent on
compact sets

@)=Y (o)™, F@) = falon”
n=0 n=0



Hartree—Fock

V) _ /d%«p o AT (7)o Tr (g )+ Tr (¥ 2 Cra iy ) () ()

Y= (Y1...9N), P = (1/;1 ... @N) where NV is the number of electrons

Green's functions:

Ze _ 0 0

; 4

(3 - Ze.A + m)Sg;y = 5acy Ap = 7 CHV(t7T) = < El]m" 0)
The semiclassical effective action gives the Hartree—Fock approximation

N+1 9 N+1

> (i @—ieA+m)i)+ % > (v $iClundir” &) +(biv" &5 Cv by b1
i=1

ij=1



Background field method (Large N)
Translate ¥ — 1) + ¢ by a field ¢ € Goa
WO M) _ o~ D.d)+H )+ () + WO (=35 T4 (0.00),1+05 1" ($.6))

. _ — 3 LA®(hap)+H(0p)+(p,m)
WO nm) /dugp[:pe n>2

(¥39)' ($95)" | 1o
ilj!

LA () = >

j+i=n
1§, 8) = (dSpr &) + 1L ($, &)
R. Jackiw, S. Coleman, E. Weinberg
L% (¢, ) = I'(, ¢) + 1°(0)
D(6,6) = (6, @) — oTrlog [[""(, §)Sun] + O(1?)

(¢, ®)



Perturbation theory: a valence electron

ZeR3
Using the bilinear formula for the resolvent (H — w)g, = 0°

(= 0= (D)¢7 () z—ie zeoy(H), »
— | g, P2\ WP ) _ o, —
5.(&9) / : zr—w = z +ie otherwise, bz = 2Pz

where 0+(f1) is the essential and discrete spectra of unoccupied orbitals.



Multiscale expansion

Given a generating functional Lg\b‘x’ and a propagator S/b\aAb we have

1
b 2
—LAac gy b () [ detSEa LA 4
T [ L(dethAb oY
ailp
1
Ly (®) = Lg*™(®) — 5Trlog(S5 7, SXa,)

We get an expansion with an appropriate propagator at each scale

K
ho. _
FOA(O) =3 lim ZTr log |:(S/’§kAk+1) 1Sﬁ:ik+l} + O(h2)

K—oo
k=1



Hypothesis 1

Only corrections to the mass and the nuclear charge, I"(0) = —Q*
A A A
B(Qp), =B / P3 iz + o / |f_25| Oz
ZER? ZER3

p(r), pM(r) are spherically symmetric functions
o) [e.e]
Po = [Romer @)= [t e
0 0

At A = A QED at 1-loop. A low energy decomposition, p < 1:

p(p) = pip + pap® + p3p° + pyptlogp + O(p°)
(Ap) = 1y + pip + pap? + pap® + pap*logp + O(P°)



Hypothesis 2

For some M > N we have a set of solutions {¢; € H'}M,
. - Zo
0< A<z

(YQp) ‘; (YQ1p) n Z AN

n>2

M (9, 1) = (pQ M) —

M
AA
Ri™ = —oaa Z Pnr
n=1

2 < A< A ) B

P, ) = ($O) + 138
where R} corresponds to the Green function with Z = 1, R.A. Swainson
and G. W. F. Drake.



Non-perturbative RG equations

One consider the renormalization group equation for two point function.
At 1-loop order we have

[P1P2 _

o | St

[(G2a T"P122830) + (Gaa TP S)AT"P28\0) — (D1 <> Bo)]

By smearing the both sides with solutions of hydrogen atom of appropriate
quantum numbers one obtains the necessary number of ODEs for the
coefficients p?, u?.



