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SU(2) Yang–Mills theory with Lorenz gauge fixing

Semiclassical Lagrangian density

L̃tot0 =
1

4
F aµνF

a
µν +

1

2ξ
(∂µA

a
µ)2 − ∂µc̄a(Dµc)

a,

Dµc =∂µc− ig[Aµ, c],

Fµν =∂µAν − ∂νAµ − ig[Aµ, Aν ],

ξ > 0 is the Feynman parameter. Fµν , c, c̄, Aµ are elements of the
algebra, e.g. Aµ = taAaµ, (tc)

ab = −iεabc, [ta, tb] = iεabctc.

The action
∫
L̃tot0 is invariant under the transformation

δBRSAµ = εDµc, δBRSc = ε
1

2
ig{c, c}, δBRS c̄ = −ε 1

ξ
∂A ,

where ε is a Grassmann parameter, and {c, c}d = iεabdc
acb.
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Regulators

Λ, Λ0 are IR and UV cutoffs, 0 < Λ 6 Λ0.

CΛΛ0
µν =

1

p2
(δµν + (ξ − 1)

pµpν
p2

)σΛΛ0(p2) ,

SΛΛ0(p) =
1

p2
σΛΛ0(p2), σΛΛ0(p2) = e

− p4

Λ4
0 − e−

p4

Λ4 .

Recover the usual covariances in the limit Λ→ 0, Λ0 →∞.

Def: a Gaussian measure dµ̃(A, c, c̄) with the characteristic function:

e
1
~ 〈η̄,S

ΛΛ0η〉− 1
2~ 〈j,C

ΛΛ0j〉 =

∫
dµ̃ΛΛ0(Φ)e

i
~ 〈Φ,K〉 ,

where Φ = (A, c, c̄) and K = (j, η̄, η).
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The counterterms

All counterterms respecting the global symmetries and having ghost
number zero

LΛ0Λ0
ct = rc̄cc̄cc̄bcbc̄aca + rc̄cAA1 c̄bcbAaµA

a
µ + rc̄cAA2 c̄acbAaµA

b
µ

+ rA
4

1 AbµA
b
νA

a
µA

a
ν + rA

4

2 AbνA
b
νA

a
µA

a
µ + 2εabcr

A3
(∂µA

a
ν)AbµA

c
ν

− rAc̄c1 εabd(∂µc̄
a)Abµc

d − rAc̄c2 εabdc̄
aAbµ∂µc

d + Σc̄cc̄a∂2ca

− 1

2
ΣAA
T Aaµ(∂2δµν − ∂µ∂ν)Aaν +

1

2ξ
ΣAA
L (∂µA

a
µ)2

+ δm2
AAA

a
µA

a
µ + δm2

c̄cc̄
aca.

There are eleven marginal counterterms which depend on Λ0, δm2
c̄c = 0.

Expansion in powers ~:

Lct =
∑
l>0

~lLct;l
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The BRST symmetry

To obtain the antighost equation (AGE) we need an auxiliary field. Full
tree level Lagrangian density in the limit Λ→ 0, Λ0 →∞ is

Ltot0 =
1

4
FµνFµν +

ξ

2
B2 − iB∂µAµ − ∂µc̄Dµc .

The action
∫
Ltot0 is invariant under the infinitesimal transformation

δBRSA = εDc, δBRSc = ε
1

2
ig{c, c},

δBRS c̄ = ε iB, δBRSB = 0,

Defining the classical operator s

δBRSΦ = ε sΦ, =⇒ s2 = 0.

BRST invariance is explicitly broken by the regulators.
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Generating functionals

dµΛΛ0(A,B, . . . ) = dνΛΛ0(A)dυΛΛ0(B − i1
ξ
∂A) . . .

ZΛΛ0(K) =

∫
dµΛΛ0(Φ) e−

1
~L

Λ0Λ0
e

1
~ 〈K,Φ〉

LΛ0Λ0 = gεabc∂µA
a
νA

b
µA

c
ν +

g2

4
εcabεcdsA

a
µA

b
νA

d
µA

s
ν

− gεabc∂µc̄aAbµcc + LΛ0Λ0
ct

The tree level interaction does not depend on the B field.
Generator of Connected Schwinger functions:

WΛΛ0 = ~ logZΛΛ0

Generator of Connected Amputated Schwinger functions:

LΛΛ0(Φ) = −~ log

∫
dµΛΛ0(Φ′) e−

1
~L

Λ0Λ0 (Φ′+Φ)
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The effective action

The effective action is the Legendre transform of W

ΓΛΛ0(Φ) = 〈K,Φ〉 −WΛΛ0(K) .

Reduced effective action:

ΓΛΛ0(Φ) = ΓΛΛ0(Φ)− 1

2
〈Φ,C−1

ΛΛ0
Φ〉

Expansion in powers ~:

Γ =

∞∑
l=0

~lΓl, ΓΛΛ0;φφ
l=0 = 0

Here δ(
n−1∑
i=0

pi)Γ
~φ;w(~p) := ∂w

( n−1∏
i=0

δ
δφi(pi)

)
Γ
∣∣∣
~φ=0

, w = (0, w1, ..., wn−1).
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Main idea
The characteristic function is the Fourier transform of the measure:

χ(j) = N
∫

[dφ] e
− 1

2~ 〈φC
−1
ΛΛ0

φ〉+i 1
~ 〈jφ〉

=

∫
dµ(φ)ei

1
~ 〈jφ〉 = e−

1
2~ 〈jCΛΛ0

j〉

It is used to obtain all moments:

E
(
φ(x0), ...., φ(xN−1)

)
=

N−1∏
i=0

~
i

δ

δj(xi)
χ(j)

∣∣∣
j=0

Important differential equation:

d

dΛ
χ(j) = χ̇(j) = − 1

2~
〈jĊΛΛ0j〉e

1
2~ 〈jCΛΛ0

j〉

=
~
2

∫
dµ(φ)〈 δ

δφ
ĊΛΛ0

δ

δφ
〉ei

1
~ 〈jφ〉
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RG equation

Wilson; Wegner; Polchinski...

L̇ =
~
2
〈 δ
δΦ

, Ċ
δ

δΦ
〉L− 1

2
〈δL
δΦ

, Ċ
δL

δΦ
〉 L̇ := ∂ΛL

ΛΛ0

Wetterich; Morris; Bonini, D’Attanasio, Marchesini...

Γ̇ =
~
2
〈Ċ,L′′〉 L′′ = Γ′′(1 + 1̂CΓ′′)−1

Γ̇ =
~
2
〈Ċ Γ′′

∞∑
m=0

(
−1̂C Γ′′

)m〉 1̂ =

{
δϕaϕb
−δcacb −δc̄ac̄b
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Trivial dependence on the B field (linear gauge)

Vanishing renormalization conditions for all relevant terms,

∂wΓ0Λ0;B~φ
l (~q) = 0 ,

imply that ∀Λ > 0

ΓΛΛ0;B~φ
l (~p) = 0 .

Thus there are no counterterms with the field B.
Dependence on the B-fields known explicitly:

ΓΛΛ0(A,B, c, c̄) =
1

2ξ

∫
d4x (ξB − i∂A)2 + Γ̃ΛΛ0(A, c, c̄) .

where Γ̃ΛΛ0 is defined using the measure dµ̃(A, c, c̄).
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Violated Slavnov–Taylor Identities (VSTI)

Introduce the Lagrangian density

LΛ0Λ0
vst = LΛ0Λ0 + γψΛ0 + ωΩΛ0 ,

where γ, ω are external sources, RΛ0
i = 1 +O(~),

ψΛ0 = RΛ0
1 ∂c− igRΛ0

2 [A, c], ΩΛ0 =
1

2i
gRΛ0

3 {c, c} .

We consider the change of variables Φ 7→ Φ + δεΦ

δεA = ε σ0Λ0ψ
Λ0 , δεc = −ε σ0Λ0ΩΛ0 , δεc̄ = ε σ0Λ0iB ,

which leaves invariant the functional integral: δεZ
0Λ0 = 0, with

Z0Λ0(K) =

∫
dµ0Λ0(Φ) e−

1
~L

Λ0Λ0
vst e

1
~ 〈K,Φ〉.
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Performing the Legendre transform the identity δεZ
0Λ0 = 0 gives

Γ0Λ0
1 +

∫
d4x (iB +

1

ξ
∂A)Γ0Λ0

β =
1

2
SΓ0Λ0 ,

where we have introduced an auxiliary functional Γ0Λ0

Γ0Λ0 = i〈B, ω̄〉+ Γ̃
0Λ0

, Γ̃
0Λ0

= Γ̃0Λ0 +
1

2ξ
〈A, ∂∂ A〉 ,

and S = Sc̃ + SA − Sc, with

Sφ = 〈δΓ
0Λ0

δφ
, σ0Λ0

δ

δφ‡
〉+ 〈δΓ

0Λ0

δφ‡
, σ0Λ0

δ

δφ
〉,

(φ, φ‡) ∈ {(A, γ), (c, ω), (c̃, ω̄)}, δ

δc̃
=

δ

δc̄
− ∂ δ

δγ
.
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A variation on nilpotency
We rewrite the VSTI in the following form

〈iB, Γ̃0Λ0
β 〉 =

1

2
Sc̃Γ0Λ0 = 〈iB, σ0Λ0

δ

δc̃
Γ̃

0Λ0〉,

F̃0Λ0
1 =

1

2
S̃Γ̃

0Λ0
,

where

S̃ = SA − Sc, F̃0Λ0
1 = Γ̃0Λ0

1 +
1

ξ
〈∂A, Γ̃0Λ0

β 〉 .

Important properties of Sφ: ∀φ, φ′ ∈ {A, c, c̃}

(SφSφ′ + Sφ′Sφ)Γ0Λ0 = 0.

It follows that S̃2Γ̃
0Λ0

= 0, S̃Sc̃ = −Sc̃S̃ and consequently

S̃F̃1 = 0, S̃Γ̃β + σ0Λ0

(
δ

δc̄
− ∂ δ

δγ

)
F̃1 = 0.
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Explicit form of the VSTI�

�

�

�
Γ̃0Λ0
β =σ0Λ0

(δΓ̃0Λ0

δc̄
− ∂Γ̃

0Λ0

γ

)
(AGE)

F̃0Λ0
1 =〈δΓ̃

0Λ0

δA
, σ0Λ0Γ̃

0Λ0

γ 〉 − 〈
δΓ̃

0Λ0

δc
, σ0Λ0Γ̃

0Λ0

ω 〉 (STI)

The goal is to show that Γ̃0∞
β = 0, F̃0∞

1 = 0 which imply Γ̃0∞
1 = 0.

Another form of the VSTI

Γ̃0Λ0
1 =〈δΓ̃

0Λ0

δA
, σ0Λ0Γ̃0Λ0

γ 〉 − 〈
δΓ̃0Λ0

δc
, σ0Λ0Γ̃0Λ0

ω 〉

− 1

ξ
〈∂A, σ0Λ0

δΓ̃0Λ0

δc̄
〉 .

The vertex functions on the rhs give renormalization conditions for the
anomalies on the lhs.
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Renormalization conditions

No tilde on Γ(A, c, c̄)

I ∂wΓ0Λ0;~φ
~κ (0) = 0, for all strictly relevant terms, κ ∈ {γ, ω}.

I ΓMΛ0;cc̄cc̄(0) = 0, ΓMΛ0;cc̄A2
(0) = 0, ∂AΓMΛ0;cc̄A(0) = 0. We show

that the counterterms rc̄cc̄c, rc̄cA
2

1 , rc̄cA
2

2 , rAc̄c2 vanish.

I The renormalization constants rA
3

, ΣAA
T , Σc̄c are free.

I The remaining 7 renormalization constants must satisfy 7 additional

relations in order to make the marginal terms Γ
~φ;w
1 , Γ

~φ;w
β at the

renormalization point comply with the bounds 3 and 4 below.

I We prove the existence of a solution for this system of relations that
does not depend on the UV cutoff.
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Trees T~ϕ and T1~ϕ

I Vertices of valence one and three, V = V1 ∪ V3.

I An edge e carries momentum pe. Momentum conservation at the
vertices.

I To any edge are associated ρ(e) ∈ {0, 1, 2} and the number of
momentum derivatives σ(e).

I An edge has a θ-weight, θ(e) = ρ(e) + σ(e).

s

s
s s
s s
s
s
s
s
s
s

σ3σ5

σ2

σ0 σ4 σ1

σ6

σ7 1 + σ8 2 + σ9 σ10
- � � - �

A5 β A4 c1 c̄3

c2 A6

χ : V• → E\E1

ρ(e) = 2− |χ−1(e)|

∀τ ∈ Tφ0,...φn−1 , n > 4: θ(τ) = n+ ‖w‖ − 4, θ(τ) = −[Γ
~φ;w]
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Main elements of the bounds

For a tree τ we sum over the family of θ-weights Θw
τ = {θj(e)}j .

ΠΛ
τ,θ(~p) =

∏
e∈E

1

(Λ + |pe|)θ(e)
,

QΛ;w
τ (~p) =


∑
Θwτ

ΠΛ
τ,θ(~p), |V1| > 3 ,

inf
i∈I

∑
Θ
w′(i)
τ

ΠΛ
τ,θ(~p), |V1| = 3 .

w′(i) is obtained from w by diminishing wi by one unit.
For nonvanishing w I = {i : wi > 0}.

η(~p) = min
I∈℘n−1\{∅}

(|
∑
i∈I

pi|,M)
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Bounds on vertex functions
Let d = 4− 2nκ − n− ‖w‖.

1.a) d > 0 or n + nκ = 2

|ΓΛΛ0;~φ;w
~κ;l (~p)| 6 (Λ + |~p|)dPΛΛ

r (~p) ,

1.b) d < 0

|ΓΛΛ0;~φ;w
~κ;l (~p)| 6

∑
τ∈T

~κ~φ

QΛ;w
τ (~p) PΛΛ

r (~p) ,

PΛΛ′
r (~p) = P(0)

r

(
log+

max(|~p|,M)

Λ + η(~p)

)
+ P(1)

r

(
log+

Λ′

M

)
.

Pr denotes polynomials with nonnegative coefficients and degree

r =

{
2l d > 0

2l − 1 d < 0
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UV convergence
Let d = 4− 2nκ − n− ‖w‖.

2.a) d > 0 or n + nκ = 2

|∂Λ0ΓΛΛ0;~φ;w
~κ;l (~p)| 6 Λ +M + |~p|

Λ2
0

(Λ + |p|)dPΛΛ0
r (~p) ,

2.b) d < 0

|∂Λ0ΓΛΛ0;~φ;w
~κ;l (~p)| 6 Λ +M + |~p|

Λ2
0

∑
τ∈T

~κ~φ

QΛ;w
τ (~p)PΛΛ0

r (~p) .

Cauchy criterion

|ΓΛΛ′0;~φ;w
~κ;l − ΓΛΛ0;~φ;w

~κ;l | 6
Λ′0∫

Λ0

dλ0 |∂λ0ΓΛλ0;~φ;w
~κ;l | .
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Restoration of AGE

Let d = 3− 2nκ − n− ‖w‖.

3.a) d > 0 or n + nκ = 1

|ΓΛΛ0;~φ;w
β~κ;l (~p)| 6 M + |~p|+ Λ

Λ0
(Λ + |~p|)dPΛΛ0

r 0 (~p) ,

3.b) d < 0

|ΓΛΛ0;~φ;w
β~κ;l (~p)| 6 M + |~p|+ Λ

Λ0

∑
τ∈T

β~κ~φ

QΛ;w
τ (~p)PΛΛ0

r 0 (~p) ,

PΛΛ0
r s (~p) =

(
1 +

( |~p|
Λ0

)4)
P(2)
s

( |~p|
Λ +M

)
PΛΛ0
r (~p) .
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Restoration of STI

Let d = 5− 2nκ − n− ‖w‖.

4.a) d > 0 or n + nκ = 2

|ΓΛΛ0;~φ;w
1~κ;l (~p)| 6 M + |~p|+ Λ

Λ0
(Λ + |~p|)dPΛΛ0

r1 s1(~p) ,

4.b) d 6 0

|ΓΛΛ0;~φ;w
1~κ;l (~p)| 6 M + |~p|+ Λ

Λ0

∑
τ∈T

1~κ~φ

QΛ;w
τ (~p)PΛΛ0

r1 s1(~p) .

r1, s1 are linear functions of loop number l.
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Overview of the proof

We proceed by induction in the loop order l: Γ =
∞∑
l=0

~lΓl.

The irrelevant terms are constructed by integrating the FE from Λ0 down
to Λ:

ΓΛΛ0;~φ;w
l = ΓΛ0Λ0;~φ;w

l +

Λ∫
Λ0

dλ Γ̇λΛ0;~φ;w
l , ΓΛ0Λ0;~φ;w

l = 0

Γ̇
~φ =

~
2

∑
~φ1,...,~φm

〈Ċζ1ζ̄m
Γζ1

~φ1ζ̄1

m∏
j=2

Cζj ζ̄j−1
Γζj

~φj ζ̄j 〉

Here Γζζ̄l=0 = 0.
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For the relevant terms we integrate the FE from Λ = 0 up to arbitrary Λ
at the renormalization point ~q

ΓΛΛ0;~φ;w
l (~q) = Γ0Λ0;~φ;w

l (~q) +

Λ∫
0

dλ Γ̇λΛ0;~φ;w
l (~q)

We interpolate this to arbitrary momenta ~p integrating over the
corresponding irrelevant terms;

ΓΛΛ0;~φ;w
l (~p) = ΓΛΛ0;~φ;w

l (~q) +

~p∫
~q

∂ΓΛΛ0;~φ;w
l
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Renormalization conditions on Γ1

ΓcAAA1 ∼ ΓAAAAΓcγ +
∑
Z3

ΓAAAΓAcγ + ΓAAΓcAAγ

∼ stands for equality up to terms M
Λ0

logr1 Λ0
M .

5 equations ucAAAi and 2 variables RAAAA1 , RAAAA2

ucAAA1,2 = 8R1R
AAAA
2 − 4gR2R

AAA + ζΛ0
1,2 ∼ 0

ucAAA3,4,5 = 4R1R
AAAA
1 + 2gR2R

AAA + ζΛ0
3,4,5 ∼ 0

Using AGE Γβ ∼ 0

S̃Γ1 ∼ 0
Γc̄1 − ∂Γ1;γ ∼ 0

=⇒ ucAAA1 ∼ ucAAA2

ucAAA3 ∼ ucAAA4 ∼ ucAAA5
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Maximal Abelian Gauge (MAG)

Extremum of (A1)2 + (A2)2 over the gauge transformations.

A± =
A2 ± iA1

√
2

, A = A3

Gauge transformation has the following form:

δA = ∂α− ig(A+α− −A−α+), D±µA
±
ν = ∂µA

±
ν ∓ igAµA±ν

δA± = D±α± ± igαA±

extremum A+A− under α± =⇒ D±ν A
±
ν = 0

We fix U(1) symmetry by ∂A = 0. The t’Hooft gauge fixing Lagrangian
density is

LGF =
1

2ξ
(∂A)2 +

1

ξ
(D+

ν A
+
ν )(D−µA

−
µ )
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With the Ba field we have LGF = LGF2 + LGF3 where

LGF2 =
ξ

2
B2 + ξB+B− − iBa∂νA

a
ν , a ∈ (+,−, 3)

LGF3 = gB+AνA
−
ν − gB−AνA+

ν , B = B3

LYM + LFP + LGF is BRST invariant, i.e. δΦ = θ sΦ

sA = ∂c− ig(A+c+ −A−c+), sc = igc+c−, sc̄a = iBa

sA± = D±c± ± igcA±, sc± = ±igcc±, sBa = 0

Regularization: σλ(p2) = e
−
(
p2

λ2

)n
; BRST insertions:

ψ = RΛ0
1 ∂c+ igRΛ0

2 (A+c− −A−c+), Ω = igR3c−c+

ψ± = RΛ0
4 ∂c± ∓ igRΛ0

5 Ac± ± igRΛ0
6 cA±, Ω± = ±igR7c±c
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VSTI'

&

$

%

lim
Λ0→∞

(
σ0Λ0

δF

δc̄
− ∂Γγ

)
= 0 (AGE)

lim
Λ0→∞

(
〈 δF
δAa

σ0Λ0Γγǎ〉 − 〈
δF

δca
σ0Λ0Γωǎ〉

− 1

ξ
〈∂Aσ0Λ0

δF

δc̄
〉+ i〈B±σ0Λ0

δF

δc̄±
〉+ ~∆ΛΛ0

)
= 0 (STI)

FΛΛ0 =
1

2
〈ΦC−1

0Λ0
Φ〉+ ΓΛΛ0 ,

∆ΛΛ0 =− 〈σΛ(1 + Γ′′Ĉ)−1
AaΦ

δΓγǎ

δΦ
〉 − 〈σΛ∂(1 + Γ′′Ĉ)−1

Aaca
〉

+ 〈σΛ(1 + Γ′′Ĉ)−1
caΦ

δΓωǎ

δΦ
〉,

Γ′′ =
δ2Γ

δΦδΦ′
, Ĉ = 1̂C, 1̂ =

{
δϕaϕb
−δcacb −δc̄ac̄b
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Mass term of the condensate

ΓΛΛ0 = 〈A+
µ (p2δµν − pµpν)ΣΛΛ0A−ν 〉+ 〈A+δm2

ΛΛ0
A−〉+ ...

Consider the vertex function Γ
A+c−
1 . Using VSTI we have

FA
+
β A
−
∂pαΓ

c−
γ+ + ∂pα∆A+

β c−(p)
∣∣∣
p=0

= δβαδm
2R4 + i

∂∆A+
β c−(p)

∂pα

∣∣∣
p=0

= 0

Substituting the tree level for Γ we obtain

δm2 = g2 Λ2π2

2(2π)4
Γ(1 +

1

n
)

(
(3ξ + 4)(1− 1

2
1
n

)− 9

21+ 1
n

)
There are two interesting limits:

ξ → 0 δm2 = −g2 Λ2π2

2(2π)4
Γ(1 +

1

n
)
1 + 8(2− 2

1
n )

21+ 1
n

n→∞ δm2 = −g2 Λ2π2

2(2π)4

9

2
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Spin–Charge decomposition

Let n→∞, ξ = 1, {e1, e2} - an orthonormal basis in the plane A1
µ, A2

µ

A+
ν = ψ1eν + ψ2ēν , e = e1 + ie2, eaeb = δab,

A−ν = ψ∗2eν + ψ∗1 ēν , ρ2 = |ψ1|2 + |ψ2|2, ~t =
1

ρ2

(
ψ∗1, ψ

∗
2

)
~σ

(
ψ1

ψ2

)
Degrees of freedom 2 · 4 = (3 + 2) + 2 · 2− dimUI(1), u ∈ UI , e 7→ ue
Terms describing the condensate ρ:

A+A− = ρ2, (A+
µA
−
µ )2 −A+

µA
+
µA
−
ν A
−
ν = (ρ2t3)2

The ground state corresponds to t3 = 1 at large spatial distances.

ΓΛ∞ =

∫
d4x (∂ρ)2 − g2µ2

Λρ
2 +

g2

2
ρ4 + ... , ρ = µ
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Leff = (∂ρ)2 − µ2
Λρ

2 +
1

2
ρ4+

1

4

[
1

2
n(∂µn× ∂νn)− (∂µ(n3Ĉν)− ∂ν(n3Ĉµ))

]2

+
ρ2

4
(DĈn)2 +

ρ2

2

(
(∂p)2 + (∂q)2

)
+ LFP + Lint

Hµν =
i

2
(eµēν − eν ēµ), pi = H0i, qi =

1

2
εijkHjk

e = eiη êp,q, n± = e2iηt±, n3 = t3

Ĉµ = iˆ̄e∂µê, (DĈ
µ )ij = δij∂µ + 2εij3Ĉµ

p, q, n3, ρ are invariant under UI(1), UC(1).

Lnlsm =
m2

2
(∂n)2 +

1

4
(n(∂µn× ∂νn))2 nonlinear σ-model
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Dirac Hamiltonian with a Coulomb potential
The eigenvalue problem in the spherical coordinates system Hϕλ = λϕλ

−G′ + κ

x
G = (z − 1 +

γ

x
)F

F ′ +
κ

x
F = (z + 1 +

γ

x
)G

z =
λ

m
, γ = Zα, x = rm, κ ∈ Z\{0}, ϕλ(r) =

1

r

(
Fr
iGr

)
Theorem
Let F,G ∈ L∞. Then ∃q > 0 s.t. ∀z : q2z2 < z2 − 1 the corresponding
Taylor expansions wrt the parameter γ < q are uniformly convergent on
compact sets

G(x) =

∞∑
n=0

gn(x)γn, F (x) =

∞∑
n=0

fn(x)γn
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Hartree–Fock

eW (η,η̄) =

∫
dµψ̄ψ e

− e
2

2
〈Tr(ψ̄γµψ)CµνTr(ψ̄γνψ)+Tr(ψ̄γµψCµνψ̄γνψ)〉+〈ψ̄η〉+〈η̄ψ〉

ψ = (ψ1 . . . ψN ), ψ̄ = (ψ̄1 . . . ψ̄N ) where N is the number of electrons

Green’s functions:

(/∂ − ie /A+m)Sxy = δ4
xy A0 =

Ze

r
Cµν(t, r) =

(
− δt

4πr 0
0 0

)
The semiclassical effective action gives the Hartree–Fock approximation

N+1∑
i=1

〈φ̄i(/∂−ie /A+m)φi〉+
e2

2

N+1∑
ij=1

〈φ̄iγµφiCµν φ̄jγνφj〉+〈φ̄iγµφjCµν φ̄jγνφi〉
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Background field method (Large N)

Translate ψ → ψ + φ by a field φ ∈ G0Λ

eW
0∞(η,η̄) = e−I

Λ(φ̄,φ)+〈φ̄η〉+〈η̄φ〉+W̃ 0Λ(η−δφ̄IΛ(φ̄,φ),η̄+δφI
Λ(φ̄,φ))

eW̃
0Λ(η,η̄) =

∫
dµ0Λ
ψ̄ψe

−
∑
n>2

LΛ∞
n (ψ̄,ψ)+〈η̄ψ〉+〈ψ̄,η〉

LΛ∞
n (ψ̄,ψ) =

∑
j+i=n

(ψδφ)i
(
ψ̄δφ̄

)j
i!j!

LΛ∞(φ̄,φ)

IΛ(φ̄,φ) = 〈φ̄S−1
0Λφ〉+ LΛ∞(φ̄,φ)

R. Jackiw, S. Coleman, E. Weinberg

Γ0∞(φ̄,φ) = IΛ(φ̄,φ) + Γ̃0Λ(0)

Γ0∞(φ̄,φ) = IΛ(φ̄,φ)− ~
2
Tr log

[
Γ′′ 0∞(φ̄,φ)S0Λ

]
+O(~2)
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Perturbation theory: a valence electron

Ĥ = αk∂k −
αZ

r
+ βm− α

[
N−1∑
i=1

ϕi(~x)ϕ+
i (~y) + ρ(~x, ~y)

]
|~x− ~y|

+

+ α

∫
~z∈R3

Tr

[
N−1∑
i=1

ϕi(~z)ϕ
+
i (~z) + ρ(~z, ~z)

]
|~x− ~z|

Using the bilinear formula for the resolvent (Ĥ − ω)ḡω = δ3

ḡω(~x, ~y) =

∫
dz

ϕz(~x)ϕ+
z (~y)

z∓ − ω
, z∓ =

{
z − iε z ∈ σ+(Ĥ),
z + iε otherwise,

Ĥϕz = zϕz

where σ+(Ĥ) is the essential and discrete spectra of unoccupied orbitals.
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Multiscale expansion

Given a generating functional LΛb∞
b and a propagator SbΛaΛb

we have

e−LΛa∞
b (Φ) =

∫
dµbΛaΛb

e−L
Λb∞
b ( ·+Φ) =

(
detSbΛaΛb

detSaΛaΛb

) 1
2 ∫

dµaΛaΛb
e−L

Λb∞
a ( ·+Φ)

LΛa∞
b (Φ) = LΛa∞

a (Φ)− 1

2
Tr log(Sa−1

ΛaΛb
SbΛaΛb

)

We get an expansion with an appropriate propagator at each scale

Γ0Λ(0) = −~
2

lim
K→∞

K∑
k=1

Tr log
[(
SkΛkΛk+1

)−1Sk+1
ΛkΛk+1

]
+O(~2)
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Hypothesis 1

Only corrections to the mass and the nuclear charge, Γ′′(0) = −Ωλ

β(Ωλϕ)x = β

∫
~z∈R3

µλ~z ϕ~x−~z + α

∫
~z∈R3

ρλ~z
|~x− ~z|

ϕ~x

µλ(r), ρλ(r) are spherically symmetric functions

ρ̂λ(p) =

∞∫
0

r2 ρλ(r) e−prm, µ̂λ(p) =

∞∫
0

r2µλ(r) e−prm

At λ = Λ QED at 1-loop. A low energy decomposition, p < 1:

ρ̂λ(p) = ρλ1p+ ρλ2p
2 + ρλ3p

3 + ρλ4p
4 log p+O(p5)

µ̂λ(p) = µλ0 + µλ1p+ µλ2p
2 + µλ3p

3 + µλ4p
4 log p+O(p5)
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Hypothesis 2

For some M > N we have a set of solutions {ϕi ∈ H1}Mi=1

Ĥϕn = znϕn, Ĥ = αk∂k −
Zα

r
+ β(m+ V − Σ)

0 < λ 6 zM :

ΓλΛ(ψ̄,ψ) = 〈ψ̄Ωλψ〉 − 〈ψ̄Qψ̄〉+ 〈ψQ̄ψ〉
2

+
∑
n>2

LλΛ
n

RλΛ
1 = −σλΛ

M∑
n=1

ϕnϕ
+
n

zM < λ 6 Λ:
ΓλΛ(ψ̄,ψ) = 〈ψ̄Ωλψ〉+ LλΛ

4

where RλΛ
1 corresponds to the Green function with Z = 1, R.A. Swainson

and G. W. F. Drake.
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Non-perturbative RG equations

One consider the renormalization group equation for two point function.
At 1-loop order we have

Γ̇Φ1Φ2 =
~
2

[
〈σ̇λΛ Γ′′Φ1Φ2SλΛ〉+ 〈σ̇λΛ Γ′′Φ1SλΛΓ′′Φ2SλΛ〉 − 〈Φ1 ↔ Φ2〉

]
By smearing the both sides with solutions of hydrogen atom of appropriate
quantum numbers one obtains the necessary number of ODEs for the
coefficients ρλi , µλi .


