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The Dirac equation (a contemporary point of view)

Let ¢» € C(R*). The Klein—Gordon equation is
0% = m?y 0* = -8 +V?

The current J = i(v0y* — ¢*01) is conserved, i.e. 9J =0

In 1928 Dirac obtained a decomposition using the Pauli matrices

(0 + 0;0;)u = mv
2(80 — O'iaz')v = mu

v is the mirror image of w, in the sense z; — —x;



Irreducible representation of SO (1,3) = SL(2,C)/Z,

E = ioy is the metric on the linear space of two-component spinors, A is a
2 x 2 complex matrix, s.t. det A = 1. Then §VE,,n" = det ||£n]| is
invariant under the transformation & = A&, ' = An

fenll = (& ) det gl = det(Allnl) = det Ade ]
2 M2

In the space of 2 x 2 anti-hermitian matrices M

. .TO +x3 xl —i$2 _ 'L(.’L’O—i-$7'0')
at+ix? 2V — a3 !

the transformation M — AMA™ furnishes an irreducible representation of
the proper orthochronous Lorentz group, det M = az#g,, 2. Here x* is a
contravariant vector in Minkowski space, g, = (—1,1,1,1).



Particle-antiparticle

i@,-Mu/\ —muv, =0 1M, —mut =0 (1)
Let w* = v**. U(1) gauge invariant equations:
i(Opn — ieA/M)u’\ —muwy, =0 i(Opx + ieAM)w)‘ —muj, =0

Put A =0 and u; = e Pty

—iwt, () tiwt, (+)
(g, wy) = e u((]i),e ‘ w(()i)) E>0 (1) w=|E|
(et™@hyy ™ e @l ™) E<0 (2)
Furthermore put b;, = u;
iOpaw™ — mby, = 0 i0Mby, —mwt =0 (2)

Since v is the charge conjugate of w it is natural to identify u and v with
the chiral components of the particle ¢ = (u*,v;)



The Feynman propagator
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For a virtual particle evolution of state during a time interval 0t = to —t1 is

6= efiE‘;t(bl >0, E>0 (a)
—e =Bt gy 5t <0, E<0 (b)

The case §t < 0 corresponds to the propagation ¢o — ¢ of the
antiparticle with a positive energy —FE.



Feynman—Kac formula

The Feynman propagator in Minkowski space:
—iAp(z,y) = 0(z" — y") Py — 0(y° — 2°) P
Green’s function of the Dirac equation:
@+m)S=¢*  S=ap8  B=i#"  d=7"0,

For t > 0 we go into Euclidean space t — —it, 2n-point correlator:

_ _ _ = =[S,
(Y o gy, -y, ) = / Yoy oo Wy Yy oy, € 7
DYDY
- 62 _flzzsilwz""f ﬁzwz'i‘f sz??z
S‘,E = <¢x/l7[} > = —_7 / e z z z _

DyYDyp



Dyson series
Put S~ =@ —ied+m and C~! = —9?

_%fAzcilAz_f¢z571¢z+fﬁzwz‘i‘fd;zﬂz‘f'szAz ief"Z)zAz'd)z
Zﬁn] — / e z z z z z e =
DADYDY
Dressed 2-point function
- = (ie)” - - -
(Wutpy) = ) (Votby (Vo Ao V1) - (2, A, 02,))

n!
n=0

21...2n



Feynman diagrams
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Electron in a heavy atom (Large N approximation)

N

Sajﬂcy = (PN, ¢s d’;q)N) by = H@Z’Jr(fi) Ji =i <%0;F‘Pj> = 0;j
i=1

X y X y
é X y
J } z’ z’ z z+ + z
al i ; 0_,0
Sly=Soy+ 58 Sty = =m0y ()i (7)



The Hamiltonian formalism
Using the Fourier transform of the time we have
(aF (0 —ieAy) — eAy + Bm — w)S(w) = §° S=25p

To calculate the resolvent S we use the bilinear formula, i.e.

Hpy = Ay

= N NG C[A—ie A>0
W= [ATIT0T M T e A<

The position of the poles has been chosen such that th%li —iS(t)p = £Py
H

_ dw 1
1S 2o = —_— 2 = — = P_ — P
1Sz o z/ o Szg(w) 2R1 Ry 2



The effective action

A is a classical potential, e.g. A= (—¢Z,0)

T

T = / Vu (a—ie/l+m+ie¢1““ —FW) Yy
ry€R4 v

We can break the Lorentz and gauge symmetries

e*Tr(—iSB)z + e(Z3 — 1) T2

4|2 — Z]

ie@TA = B0y, /

— 4
oY — a5 =7 6t 4 (Zy — 1)(§’yk(3k —ieAy) + 2m)dy,



Vacuum polarization
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[0
V(r) = T a(p, o) = ap + 37? log % + O(ag)



Gell-Mann and Low RG equation

For t > 0 let uZ — u? = tu?. We have a functional equation

a(z, o) = a(%,a(t, ap)) a(l,ap) = o x =

A differential form at ¢t =z«

da(z,00) (0 x\ dalE,alt,ap)|
dlogx _<8log:vt> o€ gzl—ﬂ(a(l‘,ao))

- oa(&,a)
8la) = = -




Running coupling «

The S-function:

0
Blan) = 2HE) |~ ot o)

The RG equation:

da(z,a0) 1 1
_— = — f— e
dlogx 3 @ (2, a0) ale; ao) c— 5 logx

The boundary condition (1, ag) = 9. This implies

2
a(w,ag):+ a::p—Q
1—§10g$ Ko



